Abstract. An obstruction theory for representing homotopy classes of surfaces in 4-manifolds by immersions with pairwise disjoint images is developed, using the theory of non-repeating Whitney towers. The accompanying higher-order intersection invariants provide a geometric generalization of Milnor's link-homotopy invariants, and can give the complete obstruction to pulling apart 2-spheres in certain families of 4-manifolds. It is also shown that in an arbitrary simply connected 4-manifold any number of parallel copies of an immersed surface with vanishing self-intersection number can be pulled apart, and that this is not always possible in the non-simply connected setting. The order 1 intersection invariant is shown to be the complete obstruction to pulling apart 2-spheres in any 4-manifold after taking connected sums with finitely many copies of S 2 × S 2 ; and the order 2 intersection indeterminacies for quadruples of immersed 2-spheres in a simply-connected 4-manifold are shown to lead to interesting number theoretic questions.
Introduction
We study the question whether a map A : Σ → X is homotopic to a map A such that A (Σ i ) are pairwise disjoint subsets of X, where Σ = i Σ i is the decomposition into connected components. In this case, we will say that A can be pulled apart.
This question arises in the study of configuration spaces X (m) of m distinct points in X: Elements of π n X (m) (respectively H n X (m) ) are represented by m disjoint maps of nspheres (respectively n-manifolds) in X. It is also a precursor to the embedding problem -the question whether A is homotopic to an embedding.
For example, let Σ = i S n and X be a connected 2n-manifold. For n ≥ 2, there are Wall's well known intersection numbers λ(A i , A j ) ∈ Z[π 1 X], where A i : S n → X are the components of A. These are obstructions for representing A by an embedding, and the main geometric reason for the success of surgery theory is that, for n ≥ 3, they are (almost) complete obstructions. The only missing ingredient is Wall's self-intersection invariant, a quadratic refinement of λ. However, for the question of making the A i (S n ) disjoint, it is necessary and sufficient that λ(A i , A j ) = 0 for i = j. We abbreviate this condition on intersection numbers by writing λ 0 (A) = 0.
As expected, the condition λ 0 (A) = 0 is not sufficient for pulling apart A if n = 2, but this failure is surprisingly subtle: Given only two maps A 1 , A 2 : S 2 → X 4 with λ(A 1 , A 2 ) = 0, one can pull them apart by a clever sequence of finger moves and Whitney moves, see Section 1.1 below. However, this is not true any more for three (or more) 2-spheres in a 4-manifold. In [31] we defined an additional invariant λ 1 (A) which takes values in a quotient of Z[π 1 X × π 1 X] and was shown to be the complete obstruction to pulling apart a triple A = A 1 , A 2 , A 3 : S 2 → X with vanishing λ 0 (A). (For π 1 X trivial the analogous obstruction was defined earlier in [26, 35] ).
In this paper, we extend this work to an arbitrary number of 2-spheres (and other surfaces). The idea is to apply a variation of the theory of Whitney towers as developed in [3, 4, 5, 6, 30, 31, 32] to address the problem. Before we introduce the relevant notions, we mention a couple of new results that can be stated without prerequisites. The following theorem is proven in Section 6. Theorem 1. If X is a simply connected 4-manifold and A : Σ → X consists of m copies of the same map A 0 : Σ 0 → X of a compact connected surface, then A can be pulled apart if and only if λ(A 0 , A 0 ) = 0 ∈ Z.
Note that each transverse self-intersection of A 0 gives rise to m 2 −m intersections among the m parallel copies A, not counting self-intersections, see Figure 1 . As a consequence, there cannot be a simple argument to pull A apart. In fact, the analogous statement fails for non-simply connected 4-manifolds X, see Example 6.2. We say that A : m S 2 → X can be pulled apart stably if A can be pulled apart in the connected sum of X with finitely many copies of S 2 × S 2 . The invariants λ 0 and λ 1 are unchanged by this stabilization, and in this setting they give the complete obstruction: Theorem 2. λ 0 (A) = 0 = λ 1 (A) if and only if A can be pulled apart stably.
This result also holds when S 2 × S 2 is replaced by any simply-connected closed 4-manifold (other than S 4 ). It also holds also when components of A are maps of disks. The invariant λ 1 is described precisely in sections 2 and 8; and the proof of Theorem 2 is given in section 7.2. We remark that the stronger invariant τ 1 (A) of [31] , together with Wall's self-intersection invariant τ 0 (A), is the complete obstruction to stably embedding A, see [30, Cor.1] .
Remark 3. The question of pulling apart surfaces in 4-manifolds is independent of category. More precisely, any connected 4-manifold can be given a smooth structure away from one point [12] and any continuous map can be approximated arbitrarily closely by a smooth map. As a consequence, we can work in the smooth category and as a first step, we can always turn a map A : Σ 2 → X 4 into a generic immersion. We will also assume the surfaces are properly immersed, i.e. that A(∂Σ) ⊂ ∂X, with the interior of Σ mapping to the interior of X.
1.1. Pulling apart two 2-spheres in a 4-manifold. To motivate the introduction of Whitney towers into the problem, it is important to understand the basic case of pulling apart two 2-spheres A 1 , A 2 : S 2 → X. Wall's intersection pairing associates a sign and an element of π 1 X to each transverse intersection point between the surfaces, and the vanishing of λ(A 1 , A 2 ) implies that all of these intersections can be paired by Whitney disks. These Whitney disks can be used to pull apart A 1 and A 2 by first pushing any intersection points between A 2 and the interior of a Whitney disk W (1, 2) down into A 2 , and then using the Whitney disks to guide Whitney moves on A 1 to eliminate all intersections between A 1 and A 2 (Figures 2 and 3) . Note that for a triple of spheres one cannot eliminate an intersection point between one sphere and a Whitney disk that pairs intersections between the other two spheres. Such "higher-order" intersections were used in [31] to define the invariant λ 1 (A) discussed above. In this case, the procedure for separating the surfaces involves constructing "second order" Whitney disks which pair the intersections between surfaces and Whitney disks. The existence of these second order Whitney disks allows for an analogous pushing-down procedure which only creates self-intersections and cleans up the Whitney disks enough to pull apart the surfaces by an ambient homotopy.
Building on these ideas, we will describe an obstruction theory in terms of non-repeating Whitney towers W built on properly immersed surfaces in X, and non-repeating intersection invariants λ n (W) taking values in quotients of the group ring of (n + 1) products of π 1 X. The order n of the non-repeating Whitney tower W determines how many of the underlying surfaces at the bottom of the tower can be made pairwise disjoint by a homotopy, and the vanishing of λ n (W) is sufficient to find an order n + 1 non-repeating Whitney tower.
Non-repeating Whitney towers are special cases of the Whitney towers defined in [32] (see also [3, 5, 6, 7, 28, 29, 31] ). An introduction to these notions is sketched here with details given in Section 2. We work in the smooth oriented category, with orientations usually suppressed.
Whitney towers and non-repeating Whitney towers. Consider
where Σ is a compact surface (and see Remark 3 for initial clean-ups on A). To begin our obstruction theory, we say that A forms a Whitney tower of order 0, and define the order of each properly immersed connected surface A i : Σ i → X to be zero.
If all the singularities (transverse intersections) of A can be paired by Whitney disks then we get a Whitney tower of order 1 which is the union of these order 1 Whitney disks and the order 0 Whitney tower.
If we only have Whitney disks pairing the intersections between distinct components A i : Σ i → X of A, then we get an order 1 non-repeating Whitney tower.
If it exists, an order 2 Whitney tower also includes Whitney disks (of order 2) pairing all the intersections between the order 1 Whitney disks and the order 0 surfaces. An order 2 non-repeating Whitney tower only requires second order Whitney disks for intersections between an A i and Whitney disks pairing A j and A k , where i, j and k are distinct. As explained in Section 2, all of this generalizes to higher order, including the distinction between non-repeating and repeating intersection points, however things get more subtle as different "types" of intersections of the same order can appear (parametrized by isomorphism classes of unitrivalent trees).
An order n Whitney tower has Whitney disks pairing up all intersections of order less than n, and an order n non-repeating Whitney tower is only required to have Whitney disks pairing all non-repeating intersections of order less than n (sections 2.1 and 2.4). So "order n non-repeating" is a weaker condition than "order n".
1.3.
Pulling apart surfaces in 4-manifolds. As a first step towards determining whether or not A : Σ → X can be pulled apart, we have the following translation of the problem into the language of Whitney towers. This is the main tool in our theory.
Theorem 4. Let m be the number of components of Σ. Then A : Σ → X can be pulled apart if and only if A admits a non-repeating Whitney tower of order m − 1.
The existence of a non-repeating Whitney tower of sufficient order encodes "pushing down" homotopies and Whitney moves which lead to disjointness, as will be seen in the proof of Theorem 4 given in Section 3. It will be clear from the proof of Theorem 4 that for 1 < n < m the existence of a non-repeating Whitney tower of order n implies that any n + 1 of the components A i : Σ i → X can be pulled apart.
1.4.
Higher-order intersections. An immediate advantage of this point of view is that the higher-order intersection theory of [32] can be applied inductively to increase the order of a Whitney tower or, in some cases, detect obstructions to doing so. The main idea is that to each unpaired intersection point p in a Whitney tower W on A one can associate a decorated unitrivalent tree t p which bifurcates down from p through the Whitney disks to the order 0 surfaces A i (Figure 4 , also Figure 12 ). The order of p is the number of trivalent vertices in t p . The univalent vertices of t p are labeled by the components A i of A where they end on (or just by the indices i ∈ {1, . . . , m}). The edges of t p are decorated with elements of the fundamental group π := π 1 X of the ambient 4-manifold X. Orientations of A and X determine vertex-orientations and a sign sign(p) ∈ {±} for t p , and the order n intersection invariant τ n (W) of an order n Whitney tower W is defined as the sum
over all order n intersection points p in W. Here T n (π, m) is a free abelian group generated by order n decorated trees modulo relations which include the usual antisymmetry (AS) and Jacobi (IHX) relations of finite type theory ( Figure 5 ). Restricting to non-repeating intersection points in an order n non-repeating Whitney tower W, yields the analogous order n non-repeating intersection invariant λ n (W):
which takes values in the subgroup Λ n (π, m) < T n (π, m) generated by order n trees whose univalent vertices have distinct labels. We refer to Definition 17 for more precise statements. In the following we shall sometimes suppress the number m of components of Σ and just write Λ n (π).
Remark 5. We will show in Lemma 18 that Λ n (π, m) is isomorphic to the direct sum of m n+2
n!-many copies of the integral group ring Z[π (n+1) ] of the (n + 1)-fold cartesian product [30] . For π trivial, T n (m) := T n (1, m) is computed in [7] for all n, and in [5] the torsion subgroup of T n (m) (which is only 2-torsion) is shown to correspond to obstructions to "untwisting" Whitney disks in twisted Whitney towers in the 4-ball. The absence of torsion in Λ n (π, m) corresponds to the fact that such obstructions are not relevant in the non-repeating setting since a boundary-twisting operation can be used to eliminate non-trivially twisted Whitney disks at the cost of only creating repeating intersections.
In the case n = 0, our notation λ 0 (A) ∈ Λ 0 (π) just describes Wall's hermitian intersection pairing λ(A i , A j ) ∈ Z[π] (see section 2.6).
For n = 1, we showed in [31] that if λ 0 (A) = 0 then taking λ 1 (A) := λ 1 (W) in an appropriate quotient of Λ 1 (π) defines a homotopy invariant of A (independent of the choice of non-repeating Whitney tower W). See sections 2.7 and 8.2.
The main open problem in this intersection theory is to determine for n ≥ 2 the largest quotient of Λ n (π) for which λ n (W) only depends on the homotopy class of A : Σ → X. Even for n = 1, this quotient will generally depend on A, unlike Wall's invariants λ 0 .
1.5. The geometric obstruction theory. In Theorem 2 of [32] it was shown that the vanishing of τ n (W) ∈ T n (π) implies that, after a (regular) homotopy, A admits an order n + 1 Whitney tower. The proof of this result uses controlled geometric realizations of the relations in T n (π), and the exact same constructions (which are all homogeneous in the univalent labels -see Section 4 of [32] ) give the analogous result in the non-repeating setting:
Theorem 6. If A : Σ → X admits a non-repeating Whitney tower W of order n with λ n (W) = 0 ∈ Λ n (π), then A is homotopic (rel boundary) to A admitting an order (n + 1) non-repeating Whitney tower.
Combining Theorem 6 with Theorem 4 above yields the following result, which was announced in [32, Thm.3 
]:
Corollary 7. If Σ has (m + 2) components and A : Σ → X admits a non-repeating Whitney tower W of order m such that λ m (W) vanishes in Λ m (π), then A can be pulled apart.
Thus, the problem of deciding whether or not any given A can be pulled apart can be attacked inductively by determining the extent to which λ n (W) only depends on the homotopy class of A.
The next two subsections describe settings where λ n (W) ∈ Λ n (π) does indeed tell the whole story. For Whitney towers in simply connected 4-manifolds, we drop π from the notation, writing Λ n (m), or just Λ n if the number of order zero surfaces is understood.
1.6. Pulling apart disks in the 4-ball. A link-homotopy of an m-component link L = L 1 ∪L 2 ∪· · ·∪L m in the 3-sphere is a homotopy of L which preserves disjointness of the link components, i.e. during the homotopy only self-intersections of the L i are allowed. In order to study "linking modulo knotting", Milnor [24] introduced the equivalence relation of link-homotopy and defined his (non-repeating) µ-invariants, showing in particular that a link is link-homotopically trivial if and only if it has all vanishing µ-invariants. In the setting of link-homotopy, Milnor's algebraically defined µ-invariants are intimately connected to non-repeating intersection invariants as implied by the following result, proved in Section 4 using a new notion of Whitney tower-grope duality (Proposition 24).
. If D admits an order n non-repeating Whitney tower W then λ n (W) ∈ Λ n (m) does not depend on the choice of W. In fact, λ n (W) contains the same information as all non-repeating Milnor invariants of length n + 2 and it is therefore a link-homotopy invariant of L.
We refer to Theorem 23 for a precise statement on how Milnor's invariants are related to λ n (L) := λ n (W) ∈ Λ n (m). Together with Corollary 7 we get the following result:
This recovers Milnor's characterization of links which are link-homotopically trivial, and uses the fact that L bounding disjointly immersed disks into B 4 is equivalent to L being link-homotopically trivial [13, 14] .
Remark 10. A precise description of the relationship between general (repeating) Whitney towers on D and Milnor's µ-invariants (with repeating indices [25] ) for L is given in [6] . Our current discussion is both easier and harder at the same time: We only make a statement about non-repeating Milnor invariants, a subset of all Milnor invariants, but as an input we only use a non-repeating Whitney tower, an object containing less information then a Whitney tower.
1.7.
Pulling apart spheres in special 4-manifolds. The relationship between Whitney towers and Milnor's link invariants can be used to describe some more general settings where the non-repeating intersection invariant λ n (W) ∈ Λ n of a non-repeating Whitney tower gives homotopy invariants of the underlying order zero surfaces:
Denote by X L the 4-manifold which is gotten by attaching 0-framed 2-handles to the 4-ball along a link L in the 3-sphere.
Theorem 11. If L bounds an order n Whitney tower on disks in the 4-ball, then:
(i) Any collection A of 2-spheres in X L admits an order n Whitney tower.
(ii) For any order n non-repeating Whitney tower W on A, the non-repeating intersection invariant λ n (A) := λ n (W) ∈ Λ n is independent of the choice of W.
Using the realization techniques for Whitney towers in the 4-ball described in [5, Sec.3] , examples of such A realizing any value in Λ n (m) can be constructed.
Corollary 12.
For L and A as in Theorem 11 we have:
(i) λ n (A) = 0 ∈ Λ n if and only if A admits an order n + 1 non-repeating Whitney tower. (ii) If A consists of (m + 2) 2-spheres and m = n, then λ m (A) = 0 ∈ Λ m (m + 2) if and only if A can be pulled apart.
The "only if" parts of the statements in Corollary 12 follow from Theorem 6 and Corollary 7 above; the "if" statements follow from the second statement of Theorem 11.
In this setting, the first non-vanishing Milnor invariant µ L (123 · · · m) had been identified via Massey products as an obstruction to pulling apart the collection of spheres in X L determined by an m-component link L by Kojima in [21] .
1.8. Indeterminacies from lower-order intersections. The sufficiency results of Theorem 6 and Corollary 7 show that the groups Λ n (π) provide upper bounds on the invariants needed for a complete obstruction theoretic answer to the question of whether or not A : Σ → X can be pulled apart. And as illustrated by Theorem 8 and Theorem 11 above, there are settings in which λ n (W) ∈ Λ n only depends on the homotopy class of A, sometimes giving the complete obstruction to pulling A apart.
In general however, more relations are needed in the target group to account for indeterminacies in the choices of possible Whitney towers on a given A. In particular, for Whitney towers in a 4-manifold X with non-trivial second homotopy group π 2 X, there are indeterminacies which correspond to tubing the interiors of Whitney disks into immersed 2-spheres. Such INT intersection relations are, in principle, inductively manageable in the sense that they are determined by strictly lower-order intersection invariants on generators of π 2 X. For instance, the INT 1 relations in the target groups of the order 1 invariants τ 1 and λ 1 of [26, 31] are determined by the order zero intersection form on π 2 X. However, as we describe in Section 8, higher-order INT relations can be non-linear, and if one wants the resulting target group to carry exactly the obstruction to the existence of a higher-order tower then interesting subtleties already arise in the order 2 setting.
It is interesting to note that the INT indeterminacies are generalizations of the Milnorinvariant indeterminacies in that they may involve intersections between 2-spheres other than the A i . The Milnor link-homotopy invariant indeterminacies come from sub-links because there are no other 2-spheres in X L . For instance, the proof of Theorem 2 exploits the hyperbolic summands of the stabilized intersection form on π 2 . We pause here to note another positive consequence of the intersection indeterminacies before returning to further discussion of the well-definedness of the invariants.
1.8.1. Casson's separation lemma. The next theorem shows that in the presence of algebraic duals for the order zero surfaces A i , all our higher-order obstructions vanish. This recovers the following result of Casson (proved algebraically in the simply-connected setting [2] ) and Quinn (proved using transverse spheres [10, 27] ): Theorem 13. If λ(A i , A j ) = 0 for all i = j, and there exist 2-spheres B i : S 2 → X such that λ(A i , B j ) = δ ij for all i, then A i can be pulled apart.
Here λ denotes Wall's intersection pairing with values in Z[π], and δ ij is the Kronecker delta. Note that there are no restrictions on intersections among the dual spheres B i . Theorem 13 is proved in section 7.1. 1.8.2. Homotopy invariance. Our proposed program for pulling apart 2-spheres in 4-manifolds involves refining Theorem 6 by formulating (and computing) the relations INT n (A) ⊂ Λ n (π) so that λ n (A) := λ n (W) ∈ Λ n (π)/INT n (A) is a homotopy invariant of A (independent of the choice of order n non-repeating Whitney tower W) which represents the complete obstruction to the existence of an order n+1 non-repeating tower supported by A. Via Theorem 4 this would provide a procedure to determine whether or not A can be pulled apart. The following observation clarifies what needs to be shown: Proposition 14. If for a fixed immersion A, the value of λ n (W) ∈ Λ n (π)/INT n (A) does not depend the choice of W; then λ n (A) := λ n (W) ∈ Λ n (π)/INT n (A) only depends on the homotopy class of A.
To see why this is true, observe that, up to isotopy, any generic (regular) homotopy from A to A can be realized as a sequence of finitely many finger moves followed by finitely many Whitney moves. Since any Whitney move has a finger move as an "inverse", there exists A which differs from each of A and A by only finger moves (up to isotopy). But a finger move is supported near an arc, which can be assumed to be disjoint from the Whitney disks in a Whitney tower, and the pair of intersections created by a finger move admit a local Whitney disk; so any Whitney tower on A or A gives rise to a Whitney tower on A with the same intersection invariant.
Thus, the problem is to find INT n (A) relations which give independence of the choice of W for a fixed immersion A, and can be realized geometrically so that λ n (W) ∈ INT n (A) implies that A bounds an order n + 1 non-repeating Whitney tower. We conjecture that all these needed relations do indeed correspond to lower-order intersections involving 2-spheres, and hence deserve to be called "intersection" relations. Although such INT n (A) relations are completely understood for n = 1 (see 8.2 below), a precise formulation for the n = 2 case already presents interesting subtleties. We remark that for higher genus surfaces there can also be indeterminacies due to choices of boundary arcs of Whitney disks which do not come from 2-spheres; see [30] for the order 1 invariants of annuli.
Useful necessary and sufficient conditions for pulling apart four or more 2-spheres in an arbitrary 4-manifold are not currently known. In Section 8 we examine the intersection indeterminacies for the relevant order 2 non-repeating intersection invariant λ 2 in the simply connected setting, and show how they can be computed as the image in Λ 2 (4) ∼ = Z 2 of a map whose non-linear part is determined by certain Diophantine quadratic forms which are coupled by the intersection form on π 2 X (see section 8.3.4) . Carrying out this computation in general raises interesting number theoretic questions, and has motivated work of Konyagin and Nathanson in [22] .
We'd like to pose the following challenge: Formulate the INT n (A) relations which make the following conjecture precise and true:
Conjecture 15. A : Σ → X can be pulled apart if and only if λ n (A) := λ n (W) vanishes in Λ n (π)/INT n (A) for n = 2, 3, 4, . . ..
Acknowledgements:
The first author was partially supported by a grant from the Simons Foundation (#208938) and by a PSC-CUNY Research Award. The second author was supported by the National Science Foundation, the German Science Foundation and the Max Planck Society
Preliminaries
This section contains a summary of relevant Whitney tower notions and notations as described in more detail in [3, 5, 6, 28, 29, 30, 31, 32] . Throughout, the distinction between a map and its image will frequently be blurred.
Whitney towers.
The following formalizes the discussion from the introduction.
Definition 16.
• A surface of order 0 in a 4-manifold X is a properly immersed connected compact surface (boundary embedded in the boundary of X and interior immersed in the interior of X). A Whitney tower of order 0 in X is a collection of order 0 surfaces.
• The order of a (transverse) intersection point between a surface of order n 1 and a surface of order n 2 is n 1 + n 2 .
• The order of a Whitney disk is n + 1 if it pairs intersection points of order n.
• For n ≥ 0, a Whitney tower of order n + 1 is a Whitney tower W of order n together with Whitney disks pairing all order n intersection points of W. These top order disks are allowed to intersect each other as well as lower order surfaces. The Whitney disks in a Whitney tower are required to be framed [5, 12, 31] and have disjointly embedded boundaries. Each order zero surface in a Whitney tower is also required to be framed, in the sense that its normal bundle in X has trivial (relative) Euler number. Interior intersections are assumed to be transverse. A Whitney tower is oriented if all its surfaces (order zero surfaces and Whitney disks) are oriented. Orientations and framings on any boundary components of order zero surfaces are required to be compatible with those of the order zero surfaces. A based Whitney tower includes a chosen basepoint on each surface (including Whitney disks) together with a whisker (arc) for each surface connecting the chosen basepoints to the basepoint of X.
We will assume our Whitney towers are based and oriented, although whiskers and orientations will usually be suppressed from notation. The collection A of order zero surfaces in a Whitney tower W is said to support W, and we also say that W is a Whitney tower on A. A collection A of order zero surfaces is said to admit an order n Whitney tower if A is homotopic (rel boundary) to A supporting an order n Whitney tower.
2.2.
Trees for Whitney disks and intersection points. In this paper, a tree will always refer to a finite oriented unitrivalent tree, where the (vertex) orientation of a tree is given by cyclic orderings of the adjacent edges around each trivalent vertex. The order of a tree is the number of trivalent vertices. Univalent vertices will usually be labeled from the set {1, 2, 3, . . . , m} indexing the order zero surfaces, and we consider trees up to isomorphisms preserving these labelings. A tree is non-repeating if its univalent labels are distinct. When X is not simply connected, edges will be oriented and labeled with elements of π 1 X. A root of a tree is a chosen univalent vertex (usually left un-labeled).
We start by considering the case where X is simply connected: Formal non-associative bracketings of elements from the index set are used as subscripts to index surfaces in a Whitney tower W ⊂ X, writing A i for an order 0 surface (dropping the brackets around the singleton i), W (i,j) for an order 1 Whitney disk that pairs intersections between A i and A j , and W ((i,j),k) for an order 2 Whitney disk pairing intersections between W (i,j) and A k , and so on, with the ordering of the bracket components determined by an orientation convention described below (2.3). When writing W (I,J) for a Whitney disk pairing intersections between W I and W J , the understanding is that if a bracket I is just a singleton i then the surface W I = W i is just the order zero surface A i . Note that both Whitney disks and order zero surfaces are referred to as "surfaces in W".
Via the usual correspondence between non-associative brackets and rooted trees, this indexing gives a correspondence between surfaces in W and rooted trees: To a Whitney disk W (I,J) we associate the rooted tree corresponding to the bracket (I, J). We use the same notation for rooted trees and brackets, so the bracket operation corresponds to the rooted product of trees which glues together the root vertices of I and J to a single vertex and sprouts a new rooted edge from this vertex. With this notation the order of a Whitney disk W K is equal to the order of (the rooted tree) K.
The rooted tree (I, J) associated to W (I,J) sits as a subset of W with its root edge (including the root edge's trivalent vertex) sitting in the interior of W (I,J) , and its other edges bifurcating down through lower order Whitney disks. The unrooted tree t p associated to any intersection point p ∈ W (I,J) ∩ W K is the inner product t p = (I, J), K gotten by identifying the roots of the trees (I, J) and K to a single non-vertex point. Note that t p also can be considered as a subset of W, with the edge of t p containing p a sheet-changing path connecting the basepoints of W (I,J) and W K (see Figure 4) .
If X is not simply connected, then the edges of the just-described trees are decorated by elements of π 1 X as follows: Considering the trees as subsets of W, each edge of a tree is a sheet-changing path connecting basepoints of adjacent surfaces of W. Choosing orientations of these sheet-changing paths determines elements of π 1 X (using the whiskers on the surfaces) which are attached as labels on the correspondingly oriented tree edges.
Note that the notation for trees is slightly different in the older papers [28, 32] , where the rooted tree associated to a bracket I is denoted t(I), and the rooted and inner products are denoted by * and · respectively. The notation of this paper agrees with the more recent papers [4, 5, 6, 7, 8, 30 ].
2.3. Orientation conventions. Fixing conventions as described in [32] (used also in [5, 6] ), orientations on the order zero surfaces in W induce vertex orientations on all trees associated to W, modulo antisymmetry relations described below. . A local picture of the tree t p = (I, J), K associated to p ∈ W (I,J) ∩ W K near a trivalent vertex adjacent to the edge of t p passing through an unpaired intersection point p in a Whitney tower W. On the left t p is pictured as a subset of W, and on the right as an abstract labeled vertex-oriented tree. In a non-simply connected 4-manifold X the edges of t p would also be oriented and labeled by elements of π 1 X (as in Figure 5 below).
tree I associated to a Whitney disk W I as a subset of W, it can be arranged that the trivalent orientations of I are induced by the orientations of the corresponding Whitney disks: Note that the pair of edges which pass from a trivalent vertex down into the lower order surfaces paired by a Whitney disk determine a "corner" of the Whitney disk which does not contain the other edge of the trivalent vertex. If this corner contains the negative intersection point paired by the Whitney disk, then the vertex orientation and the Whitney disk orientation agree. Our figures are drawn to satisfy this convention. This "negative corner" convention (also used in [5, 6] ), which differs from the positive corner convention in [3, 32] , turns out to be compatible with the usual commutator conventions, for instance in the setting of Milnor invariants.
2.4.
Non-repeating Whitney towers. Whitney disks and intersection points are called non-repeating if their associated trees are non-repeating. This means that the univalent vertices are labeled by distinct indices (corresponding to distinct connected components of A). A Whitney tower W is an order n non-repeating Whitney tower if all non-repeating intersections of order (strictly) less than n are paired by Whitney disks. In particular, if W is an order n Whitney tower then W is also an order n non-repeating Whitney tower. In a non-repeating Whitney tower repeating intersections of any order are not required to be paired by Whitney disks.
Intersection invariants.
For a group π, denote by T n (m, π) the abelian group generated by order n (decorated) trees modulo the relations illustrated in Figure 5 . Note that when π is the trivial group, the edge decorations (orientations and π-labels) disappear, and the relations reduce to the usual AS antisymmetry and IHX Jacobi relations of finite type theory (compare also the decorated graphs of [15] ). All the relations are homogeneous in the univalent labels, and restricting the generating trees to be nonrepeating order n trees defines the subgroup Λ n (m, π) < T n (m, π).
Definition 17. For an order n (oriented) Whitney tower W in X, the order n intersection invariant τ n (W) is defined by summing the signed trees ±t p over all order n intersections p ∈ W:
Here π = π 1 X and sign(p) = ±, for p ∈ W I ∩ W J , is the usual sign of an intersection between the oriented Whitney disks W I and W J . If W is an order n non-repeating Whitney tower, the order n non-repeating intersection invariant λ n (W) is analogously defined by
where the sum is over all order n non-repeating intersections p ∈ W.
2.6. Order zero intersection invariants. The order zero intersection invariants τ 0 and λ 0 for A : m S 2 → X correspond to Wall's hermitian intersection form µ, λ: The generators in τ 0 (A) ∈ T 0 (π, m) with both vertices labeled by the same index i correspond to Wall's self-intersection invariant µ(A i ). For µ(A i ) to be a homotopy (not just regular homotopy) invariant, one must also mod out by a framing relation which kills trees labeled by the trivial element in π (see [5] for higher-order framing relations). Wall's homotopy invariant hermitian intersection pairing λ(
A admits an order 1 Whitney tower if and only if τ 0 (A) = 0 ∈ T 0 (π, m), and admits an order 1 non-repeating Whitney tower if and only if λ 0 (A) = 0 ∈ Λ 0 (π, m).
2.7.
Order one intersection invariants. It was shown in [31] , and for π 1 X = 1 and m = 3 in [26, 35] , that for A : m S 2 → X admitting an order 1 Whitney tower (resp. nonrepeating Whitney tower) W, the order 1 intersection invariant τ 1 (A) := τ 1 (W) (resp. order one non-repeating intersection invariant λ 1 (A) := λ 1 (W)) is a homotopy invariant of A, if taken in an appropriate quotient of T 1 (π, m) (resp. Λ 1 (π, m)). The relations defining this quotient are determined by order zero intersections between the A i and immersed 2-spheres in X. These are the order 1 INT 1 intersection relations which are described in [31] (in slightly different notation) and below in Section 8. For τ 1 there are also framing relations, but there are no framing relations for λ n (for all n) because Whitney disks can always be framed by "boundary-twisting" which creates only repeating intersections.
Then τ 1 (A) (resp. λ 1 (A)) vanishes if and only if the A i are homotopic to maps which admit an order 2 Whitney tower (resp. order 2 non-repeating Whitney tower). In particular, λ 1 (A 1 , A 2 , A 3 ) ∈ Λ 1 (π, 3)/INT 1 is the complete obstruction to pulling apart three order zero surfaces with vanishing λ 0 (A 1 , A 2 , A 3 ).
2.8. Order n intersection trees. As was shown in Theorem 2 of [32] , for A admitting a Whitney tower W of order n, if τ n (W) = 0 ∈ T n (π, m) then A is homotopic (rel ∂) to A admitting a Whitney tower of order n + 1. The proof of this result proceeds by geometrically realizing the relations in the target group of the intersection invariant in a controlled manner, so that one can convert "algebraic cancellation" of pairs of trees to "geometric cancellation" of pairs of points (paired by next-order Whitney disks). The exact same arguments work restricting to the non-repeating case to prove Theorem 6 of the introduction: For A = A 1 , A 2 , . . . , A m admitting a non-repeating Whitney tower W of order n, if λ n (W) = 0 ∈ Λ n (π, m) then A is homotopic (rel ∂) to A admitting a non-repeating Whitney tower of order n + 1.
Proof. First consider the case where π is trivial. Since the relations in Λ n (m) are all homogenous in the univalent labels, Λ n (m) is the direct sum of subgroups Λ n (n + 2) over the m n+2
choices of n + 2 of the m labels. We will show that each of these subgroups has a basis given by the n! distinct simple non-repeating trees shown in Figure 6 (ignoring the edge decorations for the moment). For a given choice of n + 2 labels, placing a root at, say, the minimal-labeled vertex of each order n tree gives an isomorphism with the subgroup of non-repeating length n + 1 brackets in the free Lie algebra on the other generators (with AS and IHX relations going to skew-symmetry and Jacobi relations).
This "reduced" free Lie algebra (see also 4.1 below) is known to have rank n!, as explicitly described in [23, Thm.5.11] (also implicitly contained in [24, ), so the trees in Figure 6 are linearly independent if they span.
To see that the trees in Figure 6 form a spanning set, observe that for a given choice of n + 2 labels, each order n non-repeating tree t has a distinguished geodesic edge path T t from the minimal-label univalent vertex to the maximal-label univalent vertex. For an orientation-inducing embedding of t in the plane, it can be arranged that all the sub-trees of t emanating from T t lie on a preferred side of T t by applying AS relations at the trivalent vertices of T t as needed. Then, by repeatedly applying IHX relations at trivalent vertices of distinguished geodesics to reduce the order of the emanating sub-trees one eventually gets a linear combination of simple non-repeating trees as in Figure 6 which is uniquely determined by t.
In the case of non-trivial π, the group elements decorating the edges of the simple trees can always be (uniquely) normalized to the trivial element on all but n + 1 of the edges (by working from the minimal towards the maximal vertex label), as shown in Figure 6 .
. . . . Figure 6 . A simple order n tree with minimal and maximal labels at the end univalent vertices. Vertex orientations are induced by the planar embedding. By the HOL relations, all but n+1 of the edge decorations can be set to the trivial element in π (indicated by the 'empty-labeled' edges in the figure).
2.9. Some properties of Whitney towers. For future reference, we note here some elementary properties of Whitney towers and their intersection invariants. Let A support an order n Whitney tower W in a 4-manifold X. We will consider the effects on τ n (W) of changing the order zero surfaces (connected components) A i of A by the operations of re-indexing, including parallel copies, taking internal sums of components, switching orientations, and deleting components; all of which preserve the property that A supports an order n Whitney tower.
2.9.1. Re-indexing order zero surfaces. For A : Σ → X the natural indexing of the order zero surfaces of W is by π 0 Σ. In practice, we fix an identification of π 0 Σ with {1, 2, . . . , m}, and the effect of changing this identification is given by the corresponding permutation of the univalent labels on all the trees representing τ n (W). 2.9.2. Parallel Whitney towers. Suppose A is extended to A by including a parallel copy of the last order zero surface A m of A. By the splitting procedure of [32] Lemma 13 (also Lemma 3.5 of [28] ) it can be arranged that all Whitney disks in W are embedded and contained in standard 4-ball thickenings of their trees. Since the order zero surfaces and Whitney disks are all framed, W can be extended to an order n Whitney tower W on A by including parallel copies of the Whitney disks in W as illustrated by Figure 7 . This new Whitney tower W can be constructed in an arbitrarily small neighborhood of W, and the intersection invariants are related in the following way. Define δ : T n (π, m) → T n (π, m + 1) to be the homomorphism given by sending a generator t (with r many labels m) to the 2 r -term sum over all choices of replacing the label m on univalent vertices of t by the label (m + 1). Then τ n (W ) = δ(τ n (W)). (Note that group elements decorating the edges are preserved by taking parallel whiskers.)
Via re-indexing, the effect of including a parallel copy of any ith component can be described by analogous relabeling maps δ i , and iterating this procedure constructs an order n Whitney tower near W on any number of parallel copies of any components of A, with the resulting change in τ n (W) described by compositions of the δ i maps.
2.9.3. Internal sums. Suppose A is formed from A by taking the ambient connected sum of A m−1 with A m in X (or by joining ∂A m−1 to ∂A m with a band in ∂X), so that A has m − 1 components. Since it may be assumed that the interior of the arc guiding the sum is disjoint from W, it is clear that A bounds an order n Whitney tower W all of whose Whitney disks and singularities are identical to W. Then τ n (W ) = σ(τ n (W)) ∈ T n (π, m − 1), where the map σ is induced by the relabeling map on generators which changes all m-labeled univalent vertices to m − 1-labeled vertices.
Via re-indexing, the effect of summing any component A i with any A j (j = i) is described by the analogous map σ ij , and for iterated internal sums the resulting intersection invariant is described by compositions of the σ ij maps.
2.9.4. Switching order zero surface orientations. As explained in [32, Sec.3] , the orientation of A determines the vertex-orientations of the trees representing τ n (W) up to AS relations, via our above convention (2.3). The effect of switching the orientation of a component A i of A is described as follows.
Define s i : T n (π, m) → T n (π, m) to be the automorphism induced by the map which sends a generator t to (−1) i(t) t, where again i(t) denotes the multiplicity of the univalent label i in t. Then if W is a reorientation of W which is compatible with a reversal of orientation of A i , then we have τ n (W ) = s i (τ n (W)).
The effect on the intersection invariant of reorienting any number of components of A is described by compositions of the s i maps.
2.9.5. Deleting order zero surfaces. The result of deleting the last component A m of A supports an order n Whitney tower W formed by deleting those Whitney disks from W which involve A m ; that is, deleting any Whitney disk whose tree has at least one univalent vertex labeled by m. The change in the intersection invariant is described by the homomorphism e : T n (π, m) → T n (π, m − 1) induced by the map which sends a generator t to zero if m appears as a label in t, and is the identity otherwise. Via reindexing, the effect of deleting any ith component can be described by analogous maps e i , with the resulting change in τ n (W) described by compositions of the e i .
2.9.6. Canceling parallels. For future reference we note here the following easily-checked lemma:
Lemma 19 describes the effect on the intersection invariant that corresponds to including two parallel copies A i and A i of A i , switching the orientation on A i , then recombining A i and A i by an internal sum into a single i th component, and then internal summing this combined i th component into any jth component of A. (Note that applying this operation to a link obviously preserves the isotopy class of the link.)
Proof of Theorem 4
We want to show that m connected surfaces A i : Σ i → X can be pulled apart if and only if they admit an order m − 1 non-repeating Whitney tower. 
Proof.
The "only if" direction follows by definition, since disjoint order zero surfaces form a non-repeating Whitney tower of any order. So let W be a non-repeating Whitney tower of order m − 1 on A 1 , A 2 , . . . , A m . If W contains no Whitney disks, then the A i are pairwise disjoint. In case W does contain Whitney disks, we will describe how to use finger-moves and Whitney moves to eliminate the Whitney disks of W while preserving the non-repeating order m − 1. First note that W contains no unpaired non-repeating intersections: All non-repeating intersections of order < m − 1 are paired by definition; and since trees of order ≥ m − 1 have ≥ m + 1 univalent vertices, all intersections of order greater than or equal to m − 1 in any Whitney tower on m order zero surfaces must be repeating intersections. Now consider a
Proof of Theorem 8
Consider
that bounds an order n non-repeating Whitney tower W on immersed disks in the 4-ball. We will prove Theorem 8 by relating λ n (W) in Theorem 23 to Milnor's length n + 2 link-homotopy µ-invariants of L, showing in particular that λ n (L) := λ n (W) ∈ Λ n (m) only depends on the link-homotopy class of L (and not on the Whitney tower W).
The essential idea is that W can be used to compute the link longitudes as iterated commutators in Milnor's nilpotent quotients of the fundamental group of the link complement. The proof uses a new result, Whitney tower-grope duality, which describes certain class n + 2 gropes that live in the complement of an order n Whitney tower in any 4-manifold (Proposition 24).
After fixing notation for the first-non-vanishing Milnor invariants of L, we give an explicit identification of them with λ n (W) in Theorem 23.
4.1.
Milnor's homotopy µ-invariants. For a group G normally generated by elements g 1 , g 2 , . . . , g m , the Milnor group of G (with respect to the g i ) is the quotient of G by the subgroup normally generated by all commutators between g i and g to ±X i induces a canonical isomorphism
from the lower central series quotients to the reduced free Lie algebra RL(m) = ⊕ m n=1 RL n (m), which is the quotient of the free Z-Lie algebra on the X i by the relations which set an iterated Lie bracket equal to zero if it contains more than one occurrence of a generator.
This isomorphism takes a product of length n commutators in distinct x i to a sum of length n Lie brackets in distinct X i . In particular, RL n (m) = 0 for n > m.
Let
Via the usual identification of non-associative bracketings and binary trees, RL (n+1) (m) can be identified with the abelian group on order n rooted non-repeating trees modulo IHX and antisymmetry relations as in Figure 5 (with π trivial). This identification explains the subscripts in the following definition:
This definition of non-repeating µ-invariants was originally given by Milnor [24] . He later expressed the elements µ i n (L) in terms of integers µ L (i, k 1 , . . . , k n+1 ), which are the coefficients of X k 1 · · · X k n+1 in the Magnus expansion of i . We note that our order n corresponds to the originally used length n + 2 (of entries in µ L ).
By construction, these non-repeating µ-invariants depend only on the link-homotopy class of the link L. We have only defined order n µ-invariants assuming that the lower order µ-invariants vanish, which will turn out to be guaranteed by the existence of an order n non-repeating Whitney tower.
4.2.
Mapping from trees to Lie brackets. For each i, define a map
by sending a tree t which has an i-labeled univalent vertex v i to the iterated bracketing determined by t with a root at v i . Trees without an i-labeled vertex are sent to zero. For example, if t is an order 1 Y -tree with univalent labels 1, 2, 3, and cyclic vertex orientation (1, 2, 3), then η 
is a monomorphism.
Proof. Putting an i-label in place of the root in a tree corresponding to a Lie bracket in RL i (n+1) (m) gives a left inverse to η i n . In fact, for the top degree n + 2 = m, this is an inverse because every index i appears exactly once in a tree t of order n = m − 2. For arbitrary n, it is easy to check that composing the sum of these left inverse maps 
Here the upper row is relevant for repeating Milnor invariants as explained in [4, 5] . The injectivity of the top horizontal map η n , defined by Jerry Levine, is much harder to show and is the central result of [7] (implying that T n (m) has at most 2-torsion). The two vertical projections simply set trees with repeating labels to zero.
The maps η i n correspond to tree-preserving geometric constructions which desingularize an order n Whitney tower to a collection of class n + 1 gropes, as described in detail in [28] , and sketched in section 4.3 below. Gropes are 2-complexes built by gluing together compact orientable surfaces, and this correspondence will be used in the proof of the following result: For L bounding an honest order n Whitney tower, one can deduce this theorem from the main result in [6, Thm. 5] (and the diagram in Remark 22 above); but here we only have a non-repeating order n Whitney tower as an input.
Proof of Theorem 23. We start by giving an outline of the argument, introducing some notation that will be clarified during the proof:
(i) First the Whitney tower will be cleaned up, including the elimination of all repeating intersections of positive order and all repeating Whitney disks, to arrive at an order n non-repeating Whitney tower W bounded by L such that all unpaired intersection points of positive order have non-repeating trees (and the only repeating intersections are self-intersections in the order zero disks D j ). W i induces an isomorphism on the Milnor groups modulo the (n + 2)th terms of the lower central series.
Step (i): Let W be an order n non-repeating Whitney tower on D → B 4 bounded by L ⊂ S 3 . As described in [28, 32] , W can be split, so that each Whitney disk of W is embedded, and the interior of each Whitney disk contains either a single unpaired intersection p or a single boundary arc of a higher-order Whitney disk, and no other singularities. This splitting process does not change the trees representing λ n (W), and results in each tree t p associated to an order n intersection p being contained in a 4-ball thickening of t p , with all these 4-balls pairwise disjoint. Splitting simplifies combinatorics, and facilitates the use of local coordinates for describing constructions. Also, split Whitney towers correspond to dyadic gropes (whose upper stages are all genus one), and dyadic gropes are parametrized by trivalent (rooted) trees.
We continue to denote the split order n non-repeating Whitney tower by W, and will keep this notation despite future modifications. In the following, further splitting may be performed without mention.
If W contains any repeating intersections of positive order, then by following the pushing-down procedure described in the proof of Theorem 4 given in section 3, all these repeating intersections can be pushed-down until they create (many) pairs of selfintersections in the order zero disks. Then all repeating Whitney disks are clean, and by doing Whitney moves with these clean Whitney disks it can be arranged that W contains no repeating intersections of positive order.
Step (ii): Consider now the component L i bounding D i . We want to convert D i into a class n + 1 grope displaying the longitude i as a product of (n + 1)-fold iterated commutators in meridians to the D j =i using the tree-preserving Whitney tower-to-grope construction of [28] . This construction is sketched roughly below in section 4.3, and a simple case is illustrated in Figure 12 . Actually, the resulting grope G i comes with caps, which in this setting are embedded normal disks to the other D j which are bounded by essential circles called tips on G i . For our purposes the caps only serve to show that these tips are meridians to the D j . The trees associated to gropes are rooted trees, with the root vertex corresponding to the bottom stage surface, and the other univalent vertices corresponding to the tips (or to the caps). Since W was split, the upper surface stages of G i will all be genus one, so the collection of unitrivalent trees t(G i ) associated to G i will contain one tree for each dyadic branch of upper stages, with each trivalent vertex of a tree corresponding to a genus one surface in a branch.
Before implementing the construction, it will clarify things to do one more modification of W: If t p is any tree with an i-labeled vertex, it can be arranged by doing Whitney moves that the unpaired intersection point p is contained in some D j for j = i (see [32, Lem.14] or [28, Lem.3.6]). Assuming this has been done, the construction of [28] now converts D i and all the Whitney disks of W involved in trees containing an i-label into a class n + 1 grope G i which is disjoint from W i ⊂ W, where the order n non-repeating Whitney tower W i consists of the order zero immersed disks D i := ∪ j =i D j together with the Whitney disks of W whose trees do not have an i-labeled vertex. In the present setting, any self-intersections of D i will give rise to self-intersections in the bottom stage surface of G i (which is bounded by L i ), but all higher stages of G i will be embedded.
At the level of trees, this construction of G i corresponds to replacing each i-labeled vertex on a tree representing λ n (W) with a root, which is the same formula as the map on generators defining η W i induces an isomorphism on the quotients of the Milnor groups by the (n + 2)th terms of the lower central series.
Step (iii): To finish the proof of Theorem 23 we will use Dwyer's Theorem and a new notion of Whitney tower-grope duality to check that the inclusion S i ) was in fact isomorphic to the free Milnor group. Since the D j will generally intersect each other, we have to use the fact that W i is a nonrepeating Whitney tower of order n to show that any new relations coming from (higherorder) intersections are trivial modulo (n + 2)-fold commutators. Since
, the proof of Theorem 23 is completed by the applying the following general duality result to W i ⊂ B 4 , which shows that the other generating surfaces extend to class n + 2 gropes.
Proposition 24 (Whitney tower-grope duality). If V is a split Whitney tower on
, then there exist dyadic gropes G k ⊂ X V such that the G k are geometrically dual to a generating set for the relative first homology group H 1 (V, ∂A). Furthermore, the tree t(G k ) associated to each G k is obtained by attaching a rooted edge to the interior of an edge of a tree t p associated to an unpaired intersection p of V.
Here geometrically dual means that the bottom stage surface of each G i bounds a 3-manifold which intersects exactly one generating curve of H 1 (V, ∂A) transversely in a single point, and is disjoint from the other generators. In particular, there are as many gropes G k as free generators of H 1 (V, ∂A).
Proof. The group H 1 (V, ∂A) is generated by sheet-changing curves in V which pass once through a transverse intersection (and avoid all other transverse intersections in V). Such curves either pass through an unpaired intersection or a paired intersection. First we consider a sheet-changing curve through an unpaired intersection p ∈ W I ∩ W J . The Clifford torus T around p is geometrically dual to the curve, and the dual pair of circles in T represent meridians to W I and W J , respectively (recall our convention that if, say, J = j is order zero, Then W J = A j is an order zero surface). Figure 9 . The normal circle bundle to W I 1 and W (I 1 ,I 2 ) over the dotted circle and arc on the left is shown on the right.
The next lemma shows that the circles on T bound branches of the desired grope G (I,J) , with t(G (I,J) ) = (I, J).
Lemma 25. Any meridian to a Whitney disk W (I 1 ,I 2 ) in a Whitney tower V ⊂ X bounds a grope G (I 1 ,I 2 ) ⊂ X V such that t(G (I 1 ,I 2 ) ) = (I 1 , I 2 ). Figure 9 , such a meridian bounds a punctured Clifford torus T around one of the intersections paired by W (I 1 ,I 2 ) . Each of a symplectic pair of circles on T is a meridian to one of the Whitney disks W I i paired by W (I 1 ,I 2 ) , so iterating this construction until reaching meridians to order zero surfaces yields the desired grope G (I 1 ,I 2 ) with bottom stage T . Now we consider the sheet-changing curves through intersection points that are paired by Whitney disks. Let W (I,J) be a Whitney disk, and consider the boundary γ of a neighborhood of a boundary arc of W (I,J) in one of the sheets paired by W (I,J) , as illustrated in the left-hand side of Figure 10 . We call such a loop γ an oval of the Whitney disk. Clearly, an oval intersects once with a sheet-changing curve that passes once through one of the two intersections paired by W (I,J) . So the normal circle bundle to the sheet over an oval is geometrically dual to such a sheet-changing curve. The following lemma completes the proof of Proposition 24. Proof. The torus T has a symplectic pair of circles, one of which is a meridian to W I , while the other is a parallel γ of γ. By Lemma 25, the meridian to W I bounds a grope G I with t(G I ) = I, so we need to check that γ bounds a grope G (J,K) with tree (J, K).
Proof. As illustrated in
As shown in Figure 10 , γ bounds a grope whose bottom stage contains a symplectic pair of circles, one of which is a meridian to W J , while the other is either parallel to an oval in W (I,J) around the boundary arc of a higher-order Whitney disk W ((I,J),K 1 ) for K = (K 1 , K 2 ) (as shown in the figure), or is a meridian to W K if W (I,J) ∩ W K is an unpaired intersection (since V is split, these are the only two possible types of singularities in W (I,J) .) By Lemma 25, the meridian to W J bounds a grope G J , and inductively the oval-parallel circle bounds a grope G K , so the grope bounded by γ does indeed have tree (J, K).
4.3.
The Whitney tower-to-grope construction. In [6] this procedure of converting Whitney towers to capped gropes to read off commutators determined by link longitudes is covered in detail in the setting of repeating Milnor invariants. The analogous computation of repeating Milnor invariants from capped gropes described there is trickier in that meridians to a given link component L i can also contribute to the same longitude i . Hence the computation of i uses a push-off G i of the grope body G i , which may create intersections between the bottom stage of G i and caps on G c i which correspond to repeating indices on the associated tree.
Here in the non-repeating setting, i can be computed as described above directly from the body G i of the capped grope G Figure 12 for the tree-preserving resolution of W to a grope. [32] . A typical 0-surgery which converts a Whitney disk W (I,J) into a cap c (I,J) is illustrated in Figure 13 , which also shows how the signed tree is preserved. The sign associated to the capped grope is the product of the signs coming from the intersections of the caps with the bottom stages, which corresponds to the sign of the un-paired intersection point in the Whitney tower; (surgering along the other boundary arc of the Whitney disk, and the other sign cases are checked similarly). As described in [6, 28] , if either of the J-and K-labeled sheets is a Whitney disk, then the corresponding cap will be surgered after a Whitney move which turns the single capWhitney disk intersection into a cancelling pair of intersections between the cap and a Whitney disk. Figure 13 . Resolving a Whitney tower to a capped grope preserves the associated oriented trees. The boundary of the I-labeled sheet represents the commutator [x J , x K ], up to conjugation, of the meridians x J and x K to the J-and K-labeled sheets.
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Proof of Theorem 11
Let L ⊂ S 3 bound an order n Whitney tower in B 4 , and let X L be the 4-manifold gotten by attaching 0-framed 2-handles to L. We need to show:
(i) Any collection collection A = A 1 , A 2 , . . . , A m of immersed 2-spheres in X L admits an order n Whitney tower. (ii) For any choice of order n non-repeating W, the non-repeating intersection invariant λ n (A) := λ n (W) ∈ Λ n (m) only depends on the homotopy class of A. The first statement of Theorem 11 follows from the observations in section 2.9: Any A = A 1 , A 2 , . . . , A m is homotopic to the union of band sums of parallel copies of cores of the 2-handles of X L with 0-framed immersed disks bounded by a link L formed from L by the operations of adding parallel components, switching orientations, taking internal sums and deleting components. Any order n Whitney tower on immersed disks in the 4-ball bounded by L can be modified to give an order n Whitney tower bounded by L as described in subsection 2.9. Then the union of the Whitney tower bounded by L with the 2-handle cores forms an order n Whitney tower supported by A.
To prove the second statement of Theorem 11 we will use the following consequence of Theorem 8: If V is any order n non-repeating Whitney tower on a collection of m immersed 2-spheres in the 4-sphere, then the order n non-repeating intersection invariant λ n (V) must vanish in Λ n (m). Otherwise, the 2-spheres could be tubed into disjointly embedded 2-disks in the 4-ball bounded by an unlink U in the 3-sphere to create an order n Whitney tower
We start with the case where L is an m-component link, and A = A 1 , A 2 , . . . , A m is such that each A i goes geometrically once over the 2-handle of X L attached to the ith component L i of L, and is disjoint from all other 2-handles. We assume that the orientations of A and L are compatible. In this case, the union of an order n Whitney tower W L bounded by L with the cores of the 2-handles forms an order n Whitney tower W on A,
If W is any other order n non-repeating Whitney tower on A , with A homotopic to A, then we will show that λ n (W ) = λ n (W) ∈ Λ n (m) by exhibiting the difference λ n (W) − λ n (W ) as λ n (V), where V is an order n non-repeating Whitney tower on a collection of immersed 2-spheres in the 4-sphere.
To start the construction, let W ⊂ X L = B ∪ H 1 ∪ H 2 ∪ · · · ∪ H m be an order n non-repeating Whitney tower on A , with A homotopic to A. Here B is the 4-ball, and the H i are the 0-framed 2-handles. Any singularities of W which are contained in the H i can be pushed off by radial ambient isotopies, so that W may be assumed to only intersect the H i in disjointly embedded disks which are parallel copies of the handle cores. These embedded disks lie in the order zero 2-spheres and the interiors of Whitney disks of W . It also may be assumed that the trees representing λ n (W ) are disjoint from all the H i .
The intersection W ∩ ∂B is a link L in S 3 , such that L is related to L by adding some parallel copies of components and switching some orientations. Note that since each
where the components of L 0 bound handle core disks in the order zero 2-spheres of W , and the components of L 1 bound handle core disks in the Whitney disks (surfaces of order at least 1) of W . For each i, the components of L 0 which are parallel to L i ⊂ L must come in oppositely oriented pairs except for one component which is oriented the same as L i . The components of L 1 can be arbitrary parallels of components of L. Now delete the H i from X L , and form S 4 by gluing another 4-ball B + to B along their 3-sphere boundaries. Since L bounds the order n Whitney tower W L in B + , an order n Whitney tower W + ⊂ B + bounded by L can be constructed using parallel order zero disks and Whitney disks of W L as in section 2.9 above. The union of W + together with W := W ∩ B is an order n non-repeating Whitney tower V := W + ∪W on m immersed 2-spheres in S 4 . Figure 14 gives a schematic illustration of V. 1 into a Whitney disk ofW and then down into a pair of order zero disks inW , so the tree is of order greater than n. The pair of trees each having a univalent vertex on a green order zero disk in W + have opposite signs due to the opposite orientations on the green disks.
S
We will check that λ n (V) = λ n (W L ) − λ n (W ) ∈ Λ n (m), which will complete the proof in this case by the opening observation that λ n (V) vanishes. We take the orientation of (B + , ∂B + ) in S 4 to be the standard orientation of (B 4 , S 3 ), and that of (B, ∂B) to be the opposite. SinceW ⊂ B contains all the trees representing λ n (W ), these trees contribute the term −λ n (W ) to λ n (V).
Consider next the trees corresponding to intersections in W + involving components of L 1 (i.e. the trees that intersect at least one order zero disk of W + bounded by a component of L 1 ). In V these trees are subtrees of trees (for the same intersections) which pass down through L 1 into the Whitney disks ofW until reaching the order zero disks inW . Any such tree is of order strictly greater than n, since it contains an order n proper subtree (the part of the tree in W + ) -see Figure 14 . Such higher-order trees do not contribute to λ n (V). The proof of Theorem 11 in the general case follows the argument just given with essentially only notational differences: An arbitrary A is represented by the union of a linear combination of cores of the H i with immersed disks in B 4 bounded by a link L A formed from L by the operations of adding parallel components, switching orientations, taking internal sums and deleting components. Since L bounds an order n Whitney tower, so does L A by section 2.9.6. Hence A supports an order n Whitney tower W with λ n (W) = λ n (L A ) ∈ Λ n (m). One shows that λ n (W ) = λ n (L A ) for any non-repeating W on A homotopic to A by proceeding as above with L A taking the place of L.
Pulling apart parallel surfaces
In this section we prove Theorem 1 of the introduction, which states that the order zero self-intersection number of an immersed compact connected surface A 0 in a simply connected 4-manifold X vanishes if and only if any number of parallel copies of A 0 can be pulled apart. The proof includes a geometric proof that boundary links in the 3-sphere are link-homotopically trivial (Proposition 27 below). We also give an example (6.2) illustrating that the conclusion of Theorem 1 is not generally true in non-simply connected 4-manifolds.
6.1. Proof of Theorem 1. One direction of the statement is obvious, since the intersection number obstructs making two copies disjoint. For the other direction, start by observing that since λ(A 0 , A 0 ) = 0 and X is simply-connected, A 0 supports an order 1 Whitney tower W.
First consider the case where A 0 also has vanishing order 1 intersection invariant: If
The vanishing of τ 1 (A 0 ) implies that A 0 admits an order 2 Whitney tower, so by Lemma 3 of [29] for any m ∈ {3, 4, 5, . . .}, A 0 admits a Whitney tower W of order m. (The fact that A 0 is connected and X is simply connected is crucial here, since under these hypotheses Lemma 3 of [29] shows that higher-order Whitney towers can be built using a boundary-twisting construction.) Now, taking parallel copies of the Whitney disks in W yields an order m Whitney tower on m + 1 parallel copies of A 0 , as observed above in 2.9.2. In particular, we get an order m non-repeating Whitney tower so, by Theorem 4, the m + 1 parallel copies of A 0 can be pulled apart.
Consider now the case where τ 1 (A 0 ) = τ 1 (W) is the non-trivial element in Z 2 . We will first isolate (to a neighborhood of a point) the obstruction to building an order 1 Whitney tower, and then combine the previous argument away from this point with an application of Milnor's Theorem 4 of [24] (which we will also prove geometrically in Proposition 27 below). As illustrated in Figure 15 , a trefoil knot in the 3-sphere bounds an immersed 2-disk in the 4-ball which supports an order 1 Whitney tower containing exactly one Whitney disk whose interior contains a single order 1 intersection point. It follows that the square knot, which is the connected sum of a right-and a left-handed trefoil knot, bounds an immersed disk D in the 4-ball which supports a Whitney tower containing exactly two first order Whitney disks, each of which contains a single order 1 intersection point with D. Being a well-known slice knot, the square knot also bounds an embedded 2-disk D in the 4-ball, and by gluing together two 4-balls along their boundary 3-spheres we get an immersed 2-sphere S = D ∪ D in the 4-sphere having the square knot as an "equator" and supporting the obvious order 1 Whitney tower W S whose two Whitney disks lie on D.
Now take W S in a (small) 4-ball neighborhood of a point in X, and tube (connected sum) A 0 into S. This does not change the (regular) homotopy class of A 0 (so we will still denote this sum by A 0 ). Note that by construction there is a (smaller) 4-ball B 4 such that the intersection of the boundary ∂B 4 of B 4 with A 0 is a trefoil knot (one of the trefoils in the connected sum decomposition of the square knot), and B 4 contains one of the two Whitney disks of W S . Denote by X the result of removing from X the interior of B 4 , and denote by A 0 the intersection of A 0 with X (so A 0 is just A 0 minus a small open disk). Since the order 1 intersection point in the Whitney disk of W S which is not contained in B 4 cancels the obstruction τ 1 (W) ∈ Z 2 , we have that A 0 admits an order 2
Whitney tower in X , and hence again by Lemma 3 of [29] , A 0 admits a Whitney tower of any order in X . As before, it follows that parallel copies of A 0 can be pulled apart by using parallel (non-repeating) copies of the Whitney disks in a high order Whitney tower on A 0 . The parallel copies of A 0 restrict on their boundaries to a link of 0-parallel trefoil knots in ∂B 4 , and the proof of Theorem 1 is completed by the following lemma which implies that these trefoil knots bound disjointly immersed 2-disks in B 4 .
Proposition 27. If the components L i of a link L = ∪L i ⊂ S 3 are the boundaries of disjointly embedded orientable surfaces F i ⊂ S 3 in the 3-sphere, then the L i bound disjointly immersed 2-disks in the 4-ball.
This proposition is a special case of the general results of [33] which are proved using symmetric surgery.
Proof. Choose a symplectic basis of simple closed curves on each F i bounding generically immersed 2-disks into the 4-ball. We shall refer to these disks as caps. The interiors of the caps are disjoint from ∪ i F i ⊂ S 3 , but may intersect each other. The proof proceeds inductively by using half of these caps to surger each F i to an immersed disk F 0 i , while using the other half of the caps to construct Whitney disks which guide Whitney moves to achieve disjointness.
We start with F 1 . Let D 1r and D * 1r denote the caps bounded by the symplectic circles in F 1 , with ∂D 1r geometrically dual to ∂D * 1r in F 1 .
Step 1: Using finger-moves, remove any interior intersections between the D * 1r and any D 1s by pushing the D 1s down into F 1 (Figure 16 Step 2: Surger F 1 along the D 1r (Figure 17) . The result is a properly immersed 2-disk F Step 3: Do the W * 1r Whitney moves on the D j . This eliminates all intersections between F 0 1 and the disks D j on all the other F j (j ≥ 2). Note that any interior intersections the W * 1r may have had with the D j only lead to more intersections among the D j , so these three steps may be iterated, starting next by applying Step 1 to F 2 . 6.2. Example. If π 1 X is non-trivial, then the conclusion of Theorem 1 may not hold, as we now illustrate. Let X be a 4-manifold with π 1 X ∼ = Z, such that π 2 X has trivial order zero intersection form; and let A be an immersed 0-framed 2-sphere admitting an order 1 Whitney tower W in X with a single order 1 intersection point p such that τ 1 (A) = t p ∈ T 1 (Z, 1) is represented by the single Y -tree Y (e, g, h) = t p having one edge labeled by the trivial group element e, and the other edges labeled by non-trivial elements g = h, all edges oriented towards the trivalent vertex. Such examples are given in [31] , and can be easily constructed by banding together Borromean rings in the boundary of B 3 × S 1 and attaching a 0-framed two handle. If A 2 and A 3 are parallel copies of A = A 1 , then the order 1 non-repeating intersection invariant λ 1 (A 1 , A 2 , A 3 ) takes values in Λ 1 (Z, 3) (since the vanishing of the order zero intersections means that all INT 1 relations are trivial). By normalizing the group element decorating the edge adjacent to the 1-label to the trivial element using the HOL relations,
Using six parallel copies of the Whitney disk in W, we can compute that λ 1 (A 1 , A 2 , A 3 ) is represented by the sum of six Y -trees Y (e, g, h), where the univalent vertex labels vary over the permutations of {1, 2, 3} (see [31] ). This element corresponds to the element
which is non-zero if (and only if) g and h are distinct non-trivial elements of Z. Since
) is a well-defined homotopy invariant [31, Thm.3] , the A i can not be pulled apart whenever g and h are distinct and non-trivial.
Dual spheres and stablizations
This section contains proofs of theorems 2 and 13, both of which involve using low-order intersections to kill higher-order obstructions.
7.1. Proof of Theorem 13. We need to show that surfaces A i with pairwise vanishing Wall intersections can be pulled apart if they have algebraic duals B i .
Proof. The pairwise vanishing of Wall's invariant gives an order 1 non-repeating Whitney tower on the A i . Assuming inductively for 1 ≤ n < m−2 the existence of an order n nonrepeating Whitney tower W on the A i , it is enough to show that it can be arranged that λ n (W) = 0 ∈ Λ n (π, m), which allows us to find an order n + 1 non-repeating Whitney tower by Theorem 6, and then to apply Theorem 4 when n = m − 2.
By performing finger moves to realize the rooted product, any order n Whitney tower W ⊂ X can be modified (in a neighborhood of a 1-complex) to have an additional clean order n Whitney disk W J whose decorated tree corresponds to any given bracket J, with edges labeled by any given elements of π := π 1 X. If J is non-repeating and does not contain the label i, then tubing the 2-sphere B i into W J will change λ n (W) exactly by adding the order n generator ± J, i g , where the sign and the element g ∈ π decorating the i-labeled edge can be chosen by the choices of orientation on B i and arc guiding the tubing: Since W J is order n, any intersections between B i and other Whitney disks in W will only contribute intersections of order strictly greater than n; and since λ(A j , B i ) = δ ij ∈ Z[π], any other intersections between A j and B i contribute only canceling pairs of order n intersections. For 1 ≤ n, any generator of Λ n (π, m) can be realized as J, i g , so the just-described tubing procedure can be used to modify W until λ n (W) = 0 ∈ Λ n (π, m).
Proof of Theorem 2.
We need to show that λ 1 (A) = 0 ∈ Λ 1 (π, m)/INT 1 (A) if and only if A can be pulled apart stably.
Proof. The "if" direction is immediate since λ 1 (A) only depends on the homotopy classes of A, and any stabilization factors contribute trivially to INT 1 (A).
For the "only if" direction, observe first that the vanishing of λ 1 (A) gives an order 2 non-repeating tower supported by A. Assuming inductively for 2 ≤ n < m − 2 the existence of an order n non-repeating Whitney tower W on A, it is enough to show that it can be arranged that λ n (W) = 0 ∈ Λ n (π, m), which allows us to find an order n + 1 non-repeating Whitney tower by Theorem 6, and then to apply Theorem 4 when n = m − 2.
For n ≥ 2, any generator of Λ n (π, m) can be written as I, J g where I and J are both of order greater than or equal to 1. As in the above proof of Theorem 13, any order n non-repeating Whitney tower W on A can be modified to have new clean Whitney disks W I and W J , without affecting λ n (W). Stabilizing the ambient 4-manifold by S 2 × S 2 and tubing W I and W J into a pair of dual 2-spheres coming from the stablization creates an intersection realizing the generator I, J g . By realizing generators in this way it can be arranged that λ n (W) = 0. By Poincaré duality, the same holds for any closed simply connected 4-manifold other than S 4 . For instance, for stablization by CP 2 (or CP 2 ), where the dual 2-spheres are copies of CP 1 , the framings on W I and W J can be recovered by boundary-twisting, which only creates repeating intersections.
We remark that some control on the number of stablizations needed in Theorem 2 can be obtained in terms of m when X is simply connected (so that Λ n (m) is finitely generated). For instance, a single stablization realizes k times a generator by tubing W I or W J into k copies (tubed together) of one of the dual spheres.
Second order intersection indeterminacies
It is an open problem to give necessary and sufficient algebraic conditions for determining whether or not an arbitrary quadruple A :
4 S 2 → X of 2-spheres in a 4-manifold can be pulled apart. The vanishing of λ 0 (A) and λ 1 (A) is of course necessary, and as explained in the introduction (1.8) refining the sufficiency statement provided by Corollary 7 requires the introduction of intersection relations INT 2 (A) in the target of λ 2 (A) which correspond to order 0 and order 1 intersections involving 2-spheres which can be tubed into the Whitney disks of any Whitney tower W supported by A.
With an eye towards stimulating future work, the goals of this section are to present some relevant details, describe some partial results, and introduce a related number theoretic problem (see section 8.3.4), while formulating order 2 intersection relations which make the following conjecture precise: Throughout the rest of this section we assume that the ambient 4-manifold X is simply connected.
Before describing the new INT 2 relations it will be helpful to examine in detail the analogous lower order indeterminacies. ,j) , A k ) indicates the sum of trees gotten by attaching the root of (i, j) to the (i, j)-labeled univalent vertices in λ 0 (S (i,j) , A k ) corresponding to S (i,j) .) Geometrically, these relations correspond to tubing any Whitney disk W (i,j) into any 2-sphere S (i,j) . Via the identification Λ 1 (3) ∼ = Z, the quotient A 2 , A 3 ) is the Matsumoto triple [26] which vanishes if and only if A 1 , A 2 , A 3 admit an order 2 non-repeating Whitney tower (and hence can be pulled apart [35] ).
Examples: In the 4-manifold X L gotten by attaching 0-framed 2-handles to the
, all INT 1 relations are trivial, and the triple A 1 , A 2 , A 3 of 2-spheres determined (up to homotopy) by the link components can not be pulled apart since λ 1 (A 1 , A 2 , A 3 ) is equal to (±) the generator where S (1,2) is the new 2-sphere which is dual to A 3 . Now A 1 , A 2 , A 3 X L can be pulled apart since λ 1 (A 1 , A 2 , A 3 ) takes values in the trivial group. INT 1 (A 1 , A 2 , A 3 ) intersection relations. Since each element of π 2 X can affect the non-repeating order 1 indeterminacies in three independent ways (by tubing 2-spheres into Whitney disks W (1, 2) , W (1, 3) , and W (2,3) ) the INT 1 (A 1 , A 2 , A 3 ) relations can be computed as the image of a linear map Z r ⊕ Z r ⊕ Z r −→ Z, with r the rank of the Z-module π 2 X modulo torsion. Specifically, let S α be a basis for π 2 X (mod torsion), and define integers a INT 1 (A 1 , A 2 , A 3 , A 4 ) relations. Choose a basis S α for π 2 X (mod torsion), and define integers a α ij,k := λ 0 (S α (i,j) , A k ). Then each element of the subgroup INT 1 (A 1 , A 2 , A 3 , A 4 ) can be written 
Describing the
where the multiplication of entries is the vector dot product in Z r .
8.3. Order 2 intersection indeterminacies. Now consider a quadruple of immersed 2-spheres A = A 1 , A 2 , A 3 , A 4 X in a simply connected 4-manifold X, such that λ 1 (A) = 0 ∈ Λ 1 (4)/INT 1 (A), so that A supports an order 2 non-repeating Whitney tower W ⊂ X.
Recall that we want to describe order 2 intersection relations which account for changes in the choice of Whitney tower on A and define the target of λ 2 (A) ∈ Λ 2 (4)/INT 2 (A). Note that Λ 2 (4) is isomorphic to Z ⊕ Z, generated, for instance, by the elements
and t 2 := , with
We will mostly be concerned with the case that A is in the radical of λ 0 on π 2 X, so that for each i λ 0 (S, A i ) vanishes for any immersed 2-sphere S, but first we make some quick general observations related to Theorems 2 and 13 above.
8.3.1. Tubing Whitney disks into spheres. Let i, j, k, l be distinct indices from {1, 2, 3, 4}. As already observed in the proof of Theorem 13, W can be modified to have an additional clean order 2 Whitney disk W ((i,j),k) without creating any new unpaired intersections. If S ((i,j),k) is any immersed 2-sphere, then tubing W ((i,j),k) into S ((i,j),k) preserves the order of the Whitney tower and changes λ(W) by a ijk · ((i, j), k), l , where a ijk = λ 0 (S ((i,j),k) , A l ) ∈ Z (since any intersections between the new Whitney disk W ((i,j),k) #S ((i,j),k) and A i , A j , A k are repeating intersections).
Letting S ((i,j),k) vary over a basis S α for π 2 X (mod torsion) for distinct triples i, j, k in {1, 2, 3, 4}, this construction generates a subgroup of Λ 2 (4) isomorphic to Z d ⊕ Z d , where d is the greatest common divisor of λ 0 (S α , A i ) over all S α and i. In particular, if these order 0 intersections are relatively prime, then the target of λ 2 (A) is trivial: Proposition 29. If A = A 1 , A 2 , A 3 , A 4 admits an order 2 non-repeating Whitney tower and if gcd({λ 0 (S α , A i )} α,i ) = 1, then A can be pulled apart.
Similarly, for any choice of distinct indices W can be modified to have two additional clean order 1 Whitney disks W (i,j) and W (k,l) . Tubing either of these Whitney disks into an arbitrary 2-sphere might create unpaired order 1 non-repeating intersections (between A and the 2-sphere) and hence not preserve the order of W, however tubing into 2-spheres created by stabilization does indeed preserve the order (since intersections among order 1 Whitney disks are of order 2). In fact, a single stablization is all that is needed to kill any obstruction to pulling apart A 1 , A 2 , A 3 , A 4 : Proposition 30. If A = A 1 , A 2 , A 3 , A 4 admit an order 2 non-repeating Whitney tower, then A can be pulled apart in the connected sum of X with a single S 2 × S 2 (or a single CP 2 , or a single CP 2 ).
Proof. Let S and S be a dual pair of 2-spheres coming from taking the connected sum of X with a single S 2 × S 2 , or CP 2 , or CP 2 . We will show how to change λ 2 (W) by any integral linear combination a 1 t 1 + a 2 t 2 of the above generators t 1 , t 2 of Λ 2 (4): To create a 1 t 1 , first modify W to have two additional clean Whitney disks W (1, 2) and W (3, 4) , then tube W (1,2) into S, and tube W (3, 4) into |a 1 |-many copies of S (where the sign of a 1 corresponds to the orientations of the copies of S ). Note that in case of stabilization by CP 2 or CP 2 , the extra intersections coming from taking |a 1 | copies of CP 1 are all repeating intersections, so that λ 2 (W) is indeed only changed by a 1 t 1 . Now, to further create a 2 t 2 proceed in the same way starting with two additional clean Whitney disks W (1, 3) and W (2, 4) , which are tubed into a parallel copy of the same S and |a 2 |-many copies of S . This will also create intersections with the previous copies of S and S , but these extra intersections will all be repeating intersections. (Any Whitney disks tubed into copies of CP 1 can be framed as in the proof of Theorem 2, see section 7.2.)
Remark 31. By Poincaré duality the statement of Proposition 30 holds for a single stabilization by taking the connected sum of X with any simply connected closed 4-manifold other than S 4 .
From the observations just before Proposition 29, the existence of any non-trivial order zero intersections between any A i and any 2-spheres in X implies that the obstruction to pulling apart the A i lives in a finite quotient of Λ 2 (4). In the following we will consider settings where the target for λ 2 (A) is potentially infinite. Let i, j, k, l denote distinct indices in {1, 2, 3, 4}. Suppose that W (i,j) is an order 1 Whitney disk in W, and that W (i,j) is a different choice of order 1 Whitney disk with the same boundary as W (i,j) such that all intersections W (i,j) ∩ A k and W (i,j) ∩ A l are paired by order 2 Whitney disks. Then replacing W (i,j) by W (i,j) , and replacing the order 2 Whitney disks supported by W (i,j) with those supported by W (i,j) , changes W to another order 2 non-repeating Whitney tower W on A. The union of W (i,j) with W (i,j) along their common boundary is a 2-sphere S (i,j) = W (i,j) ∪W (i,j) with λ 0 (S (i,j) , A k , A l ) = 0 ∈ Λ 0 ((i, j), k, l) as pictured (schematically) in Figure 18 . X with λ 1 (A) = 0, with X simply connected and λ 0 vanishing on π 2 X, define the order 2 intersection relations INT 2 (A) < Λ 2 (4) to be the subgroup generated by Here the 2-sphere S (k,l) determined by W (k,l) and W (k,l) contributes the right-hand term λ W 1 (A i , A j , S (k,l) ) just as discussed above for S (i,j) , but now there is also a "crossterm" coming from order zero intersections between S (i,j) and S (k,l) . As in the previous paragraph λ W 1 (S (i,j) , A k , A l ) and λ W 1 (A i , A k , S (k,l) ) are lifts of the corresponding order 1 invariants. The three homotopy invariants λ 1 (S (i,j) , A k , A l ), λ 1 (A i , A j , S (k,l) ), and λ 0 (S (i,j) , S (k,l) ) are independent, so the given expression for ∆ W (S (i,j) , S (k,l) ) only depends on W and the homotopy classes of S (i,j) and S (k,l) . Observe that, by the linearity of ∆ W (S (i,j) , S (k,l) ), this entire discussion applies word for word to changing all the first order Whitney disks W (i,j) on A i and A j , and all the first order Whitney disks W (k,l) on A k and A l ; (with the 2-spheres S (i,j) and S (k,l) interpreted as sums (geometrically: unions) of the 2-spheres determined by each pair of Whitney disks). Now letting (i, j), (k, l) vary over pair-choices (1, 2), (3, 4) , and (1, 3), (2, 4) and (1, 4) , (2, 3); and letting S (i,j) and S (k,l) vary over all (homotopy classes of) 2-spheres in X, defines the subset INT W 2 := ∪{−∆ W (S (1, 2) , S (3, 4) ) − ∆ W (S (1, 3) , S (2, 4) ) − ∆ W (S (1, 4) , S (2,3) )} ⊂ Λ 2 (4). 
